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Pade approximants in one variable have proved to be very useful in numerical
analysis, especially in the presence of singularities: in the solution of nonlinear
equations and ordinary and partial differential equations, in numerical integration,
etc. The concept of Pade approximant has been generalized to operator theory
starting from power series expansions as is done in the classical theory. We repeat
the definition of abstract Pade approximant in Section 2. The generalization is such
that the classical Pade approximant is a special case of the theory and a lot of of its
interesting properties remain valid for the abstract approximants. We prove some of
those properties in Section 4 and formulate a projection-and a product-property in
Section 5.

1. INTRODUCTION

Let X~ {Of be a Banach space and Y;::> {O,I} be a commutative3anach
algebra where 0 is the unit for addition and I is the unit for multiplication (X
and Y have the same scalar field A, where A is IR or C). For every positive
integer k we consider the spaces L(X\ y) = {L IL is a k-linear bounded
operator L:X--->L(Xk-I,y)}, where L(X',Y)=Y. So Lxl· .. x k=
(Lx I )X2 ••• x k with (Xl'oo"xk) in X k and LXI in L(Xk- l

, Y). The operator L
in L(Xk, Y) is called symmetric if LXI'" x k = LXii'" Xik for all (XI '00" x k) in
X k and all permutations (il'oo.,i k ) of (1, ...,k) [4, pp.l0Q-103].

DEFINITION 1.1. An abstract polynomial is a nonlinear operator
P: X ---> Y such that P(x) =Anxn + ... +A o E Y with Ai E L(Xi, Y) and Ai
symmetric, i = 0, 1,..., n. The degree of P(x) is n.

The notation for the exact degree of P(x) is OP (the largest integer k with
Akxk ok 0) and the notation for the order of P(X) is ooP (the smallest integer
k with Akxk ok 0).
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Abstract polynomials are differentiated (we use Frechet derivatives) as in
elementary calculus. We assume that the notion of abstract analyticity is
known to the reader [4, p. 113].

Let F: X -> Y. We write D(F) = {x E X IF(x) is regular in Y, i.e., 3y E Y:
F(x) . y = 1= y . F(x)}. If F is continuous then D(F) is an open set in X.

2. DEFINITION

Let F: X -> Y be analytic in O. Then there exists an open ball B(O, r) with
centre 0 in X and radius r > 0,

for Ilxll < r. (1)

where F(k)(O), the kth derivative of F in 0, is a symmetric k-linear operator
and (I/o!) F(O)(O) X O= F(O).

DEFINITION 2.1. We say that F(x) = O(xi) if there exist J E IR t and an
open ball B(O, r) with 0 < r < 1 such that for all x in B(O, r): IIF(x)11 ::;;;
J. Ilxllj (j E IN).

Write (l/k!) F(k)(O) = CkE L(X\ Y).

DEFINITION 2.2. The couple of abstract polynomials (P(x), Q(x)) =
(A n·m+n + +A n·m B n'm+m + +B n.m) .n.m+n x ... n.m x , n.m+mx ... n.mx IS

called a solution of the Pade approximation problem of order (n, m) if the
abstract power series (F. Q- P)(x) = O(xn . m +n +m + I). (The choice of
(P(x), Q(x)) is justified in [1].)

The condition in Definition 2.2 is equivalent to (1 a) and (1 b):

CO' Bn.mxn.m= An.mxn.m, Vx E X,

C,x, Bn.mxn.m+ Co' Bn.m+I Xn .m+I =A n.m+t Xn .m+I, VxEX,
(Ia)

with Bj =. 0 E L(Xj, Y) if j > n . m + m,

lc
n+l B n.m+ +C n+l-m B -0n:+l X . n.m x n+l-m x . n·m+m - ,

Cn+mxn+m . Bn.mxn.m+ + Cnxn . Bn.m+mxn.m+m = 0,

with Ck =. 0 E L(X\ Y) if k < o.

VxEX,

VxEX,

(Ib)

VxEX,
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3. EXISTENCE AND UNICITY OF A SOLUTION

3

For every nand m a solution of (lb) and (la) exists. It can often be
computed by a method given in [I] and repeated partly in Section 4. After
calculating the solution of (I a) and (1 b) we are going to look for an
irreducible rational approximant.

We define l/Q:D(Q)--+ Y:x--+ [Q(X)]-l (inverse element of Q(x) for the
multiplication in Y).

DEFINITION 3.l. Let P and Q be two abstract polynomials. We call
l/Q . P reducible if there exist abstract polynomials T, R, S such that
P = T . Rand Q = T . Sand oT ~ 1.

From now on we suppose that the considered Banach space X and the
commutative Banach algebra Yare such that an irreducible form l/Q. P
with D(P) '* ¢ or D(Q) '* ¢ exists and is unique, and that Y contains no
nilpotent elements. This is the case, for instance, when X = IRP and Y = IRq.

For more general spaces conditions to get a unique irreducible rational
approximant are described in [2].

In a commutative Banach algebra Y without nilpotent elements we can
prove that for abstract polynomials Rand T with D(T) '* 0,

oR ~ o(R . T) - 00 T. (2)

DEFINITION 3.2. Let (P, Q) be a couple of abstract polynomials
satisfying Definition 2.2 and suppose D(Q) '* ¢ or D(P) '* ¢. Possibly
l/Q . P is reducible. Let l/Q* . P* be the irreducible form of l/Q . P such
that 0 E D(Q*) and Q*(O) = I, if it exists. We then call l/Q*. P* the
abstract Pade approximant (APA) of order (n, m) for F.

DEFINITION 3.3. If for all the solutions (P, Q) of (la) and (lb) with
D(P) *' ¢ or D(Q) '* ¢ the irreducible form l/Q*· P* is such that
oE: D(Q*), then we call l/Q* . P* the abstract rational approximant (ARA)
of order (n, m) for F.

Unicity of the APA and ARA is based on the equivalence-property of
solutions of (la) and (lb): if the couples (P, Q) and (R, S) of abstract
polynomials both satisfy Definition 2.2, then for all x in X: P(x) . S(x) =
R(x) . Q(x).

We give the following example. Consider F: IR 2 --+ IR: C) ->

1 + x/(O.l - y) + sin(xy).

(
0 ) 1 + lOx - lO.ly

The (1, l)-APA in 0 = 0
I - I .ly

2)
. (0) x - l.Oly + lOx 2 + IOy2 - 20.2xy

the (1, -ARA In = 2 2 •o X - 1.0Iy + lOy - 1O.lxy + 2.0Ixy
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In both cases the solution (P, Q) supplied a reducible rational approximant
l/Q . P; but in the second case Q* (0) is still not regular in Y. If for all the
solutions (P,Q) of (Ia) and (Ib), OED(Q*) or D(Q) =t/J = D(P), we shall
call the abstract Pade approximant undefined.

From now on, when mentioning abstract Pade approximants, we consider
only the abstract Pade approximants that are not undefined. When
X = IR = Y (A = IR), then the definition of APA is precisely the classical
definition of Pade approximant and none of the abstract Pade approximants
are undefined. Let (P, Q) be a solution of (I a) and (1 b). Because of
Definition 3.2 it is possible that (P*, Q*) itself does not satisfy
Definition 2.2. However, the following result holds, which is a more accurate
formulation than the result mentioned in [I]. We denote by T the abstract
polynomial that is cancelled in numerator and denominator of l/Q . P to get
l/Q*.P*,

THEOREM 3.1. Let I/Q*. P* be the (n, m)-APA for F. Then
n' = oP*~ nand m' = oQ* ~ m and there exists an integer s,
o~s~max(n,m), such that for T(x)=LkTkXk, oT=n·m+s,
00 T>- n . m, D(T) =1= ¢J and (P* ' T, Q* . T) satisfies Definition 2.2. If

and (3)

then (P*. Tn . m +r , Q* . Tn . m+r ) also satisfies Definition 2.2 and 0 ~ r ~
min(n - n' , m - m').

4. PROPERTIES OF THE ABSTRACT PADE TABLE

We repeat the notion of abstract Pade table. Let Rn,m denote the (n, m)
APA for F if it is not undefined. The elements R n •m can be arranged in a
table

R o.o R o.1 R O•2

R •.o R I • l R I •2

R 2 •0 R2,1 R 2 •2

R 3 ,o

R 4 ,o

Gaps can occur in this Pade table because of undefined elements.
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DEFINITION 4.1. The (n, m )-APA 1/Q* .P* for F is called regular if
(F. Q* - P*)(x) = O(x n+m +I).

DEFINITION 4.2. The (n, m)-APA I/Q*. P* for F is called normal if it
occurs only once in the abstract Pade table.

An important property of the table is Theorem 4.1; the proof is given in

[11·

THEOREM 4.1. Let I/Q*· P* =R n.m be the abstract Pade approximant
of order (n, m) for F. Let (3) be satisfied. Then

(a) co(F· Q* - P*) = n' + m' + t + 1, with t ~ 0;

(b) n <n' + t and m <m' + t;

(c) for all k and I such that n' <k <n' + t and m' <I ~ m' + t,

Rk,l =Rn,m;
(d) Rn,m is normal if and only if n' = nand m' = m and

oo(F· Q* - P*) = n + m + 1.

Clearly the elements in the first column of the abstract Pade table are
regular because the (n, 0 )-APA is the nth partial sum of the Taylor series
development of F and (F· Q - P)(x) = F(x) . 1- L:7=o CiXi = O(xn + I).

If Co is regular in Y then also the first row of the abstract Pade table
consists of regular abstract Pade approximants. (Do not confuse regularity in
Y with the notion of regularity of an APA.)

If we have the abstract Pade table and want to recover the operator F
which has been approximated, we merely have to look at the first column of
the table to reconstruct the Taylor series expansion of the operator F. These
results agree with the classical theory of Pade approximations (in the
classical theory, regularity of Co is equivalent to its being a nonzero real
number).

DEFINITION 4.3. For an operator F: X ---> Y we can define
Ll m.n E L(xn.(m+ 11, Y) as

m

Ll := \'m.n .........
io=O

where cio'" i
m

= +1 when io '" im is an even permutation of 0··' m,
cio" .im = -1 when i o '" im is an odd permutation of 0'" m, and cio" .i

m
= 0

elsewhere, and the tensor product ® is as in [3, p. 318]. We could introduce
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the notion of abstract determinant in Y, analogous to the notion of deter
minant in the field A. Then

C n-m
n-m x

L1 xn.(m+l) =
m.n

We remark that for the procedure of calculating the solution (P, Q) =
CE.7~";.+':Ajxj,L;~";.+mmBjxi) of (Ia) and (Ib), described in [I], which we
are going to call the abstract determinant procedure (AD procedure), we
have

B n·m+m (l)m A n·m+mn.m+m X = - Ll m- 1.n+IX ,

An.m+nxn.m+n =L1m.nxn.m+n,

(F· Q-P)(X) = (_l)m Llm.n+1x(n+I).(m+l) +"',

and

I

Cn+lXn+ I

Q(x) = Cn+2Xn+2

I

P(x) =

(F. Q-P)(x) =

Fn+m(x)
Cn+1xn+ I

Cn+mxn+m

Fn-m(x)
Cn+I_mXn+ I-m

THEOREM 4.2. If the (n, m)-APA R n•m = I/Q* . P* for F exists and can



ABSTRACT PADE APPROXIMANTS 7

be obtained via the AD procedure and if T(x) = J m_ I.nxn.m then the (n, m)
APA for F is normal if and only if

Jm_l,nXn.m i= 0,

J x(n+l).mi=O
m-l,n+ 1 '

J Xn.(m+ I) i= 0
m.n ,

J X(n+I).(m+l)i=Om,n+ 1 •

Proof Let (P, Q) denote the solution of (la) and (lb) obtained via the
AD procedure, Since P = P* . T and Q = Q* . T with D(T) *'~' already
Jm_l,nXn.m i= 0, Suppose Jm,nxn.m+n == O. Then OP* ~ oP - n . m < n
because of (2), Suppose Jm-1,n+ lXn.m+m== O. Then oQ* ~ oQ - n ' m < m
because of (2). These conclusions contradict the normality of Rn,m' Because
D(L1m_I,n) *'~' oo(F· Q-P) = oo[(F. Q* -P*) ·L1 m- I,nl = oo(F· Q* -P*) +
n· m and so L1 x(n+l).(m+l) i=0

m,n+l .

(P, Q) still denotes the solution of (la) and (lb) obtained via the AD-
procedure. Since oP=n,m+n and P=P*·L1 m- 1,n' oP*=n, Since
oQ=n·m+m and Q=Q*·L1 m- 1,n' oQ*=m, Because D(L1 m_1•n)*'0,
oo(F' Q* - P*) = 0o(F' Q - P) - n . m = n +m + 1. So Rn,m is normal.

THEOREM 4.3. The (n, m)-APA for F is regular if (3) is satisfied with
r=O.

Proof If Rn,m = I/Q* . P* and (P, Q) = (P* . T, Q* . T) satisfies (la)
and (lb), then 0o(F.Q-P),?n·m+n+m+1. Because D(Tn.m)*,~'

0o(F·Q-P)=oo(F·Q*-P*)+n·m and so 0o(F·Q*-P*),?
n+m+ 1.

Let us now illustrate these results by an example.

(
X) x .Take F: 1R 2

-> IR: -> 1 + 0 + sm(xy)
y .1- Y

00 00 k (xy)2k+l
= 1 + lOx + lOlxy + L lOkxyk-l + ~ (-1) (2k + I)! .

k~3 k~l

. (0) 1 + lOx- lO.lyThe (1, l)-APA In is 0o 1 - 1 .ly

l(F.Q*-P*) (;)=0(Xy2)=0((;)3) exactly;
and 8P* = 1

8Q* = 1

in other words R 1,1 is normal.
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The (3, 1)-APA in (0) is 1 + lOx - lOy + xy - LOxy
2° 1- lOy

and ~; :'3~P,) C) ~ O(H) ~ 0 ( (;nexactly;

aQ* = 1

so R 3 ,1 is regular and we have the following square of equal elements: R J • , =
R 3 ,2 = R 4 ,1 = R 4 • 2 •

5. PROJECTION- AND PRODUCT-PROPERTY

OF ABSTRACT PADE ApPROXIMANTS

Consider Banach spaces Xi' i = 1'00" p. The space X = Of= 1 Xi' normed
by one of the following Minkowski norms,

or

P

Ilxll l = L Ilxillu)
i=l

or

where Ilxill(i) is the norm of Xi in Xi and x = (x!,,,,, x p ), is also a Banach
space.

Let Y still be a commutative Banach algebra. We introduce the notations

jx = (Xl'"'' X j _ 1, 0, X i + I '00" X p ),

X'j' = (Xl '00" X j _ l ' X j + 1'00" X p ).

THEOREM 5.1. Let X = Of= 1 Xi and Rn.m(x) = (l/Q* . P*)(x) be the
(n, m )-APA for F: x ...... Y and j E {I,..., p}. Let (3) be satisfied. If

S(x'j') := S*ex),

R(x'F) := p*ex),

G(x 'j') := Fex),
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then the irreducible form (l/S*· R*)(x,j') of (lis· R)(x,j')' such that
S*(O) = I, is the (n, m)-APA for G(x,j')'

Proof First we remark that for L E L(Xk, Y), if M(x'JY =
M(xw"XJ_I'XJ+I, ... ,Xp)k:= LeX)k, then MEL«nf~,.i*JX;)k, Y). Let
n' =OP* and m' =oQ*.

Since Rn.m(x) is the (n, m)-APA for F, there is t ~ 0,

(F· Q* -P*)(x) = O(xn'+m'+I+I),

n'~n~n'+t,

m' ~m~m' + t,

according to Theorem 4.1. Using one of the three norms given above
(1~q~ro): IIJxllq=ll(xl'""xJ_I,O,xj+I' ... ,xp)llq in n~=, Xi equals
Ilx'j'lIq= II(xI , ... , xJ- I, xJ+ I , ... , xp)llq in n~=I,i*JXi'

Thus (F· Q* - p*)ex) = (G . S - R)(x,j') = O«x'J,y'+m'+I+ I). Take
s = n· m + max(o, n + m - (n' +m' + t)) and Ds E L«n~=I.i;'JXY, Y)
with D(Ds)nD(R)=I=¢ or D(Ds)nD(S)=I=¢ (it is easy to prove that Ds
exists). Now

[(G. S - R) . Ds](x,j') = O«x'j'y·m+max(n'+m'+I+ I.n+m+ I))

= O«x'j'y·m+n+m+ I) since n + m + 1

~ max(n' +m' + t + 1, n + m + 1),

O(S . D.) ~ n . m + max(o, n + m - (n' + m' + t)) +m'

= n . m + max(m', m + (n - n' - t))

~n·m+m since n ~ n' + t and m' ~ m,

o(R . Ds ) ~ n . m + max(o, n + m - (n' +m' + t)) + n'

= n . m + max(n', n + (m - m' - t))

~n·m+n since n' ~ nand m ~ m' + t.

The irreducible form of 1/(S, Ds ) • (R . Ds) is the irreducible form of
liS· Rand S(O) = Q*(O) = I.

We searched for a product-property of the following kind. Let X!' X 2 be
Banach spaces and Y a commutative Banach algebra. If (l/QI . PI)(X 1) is
the (n, m)-APA for the operator F 1 : XI -4 Yin XOI' and (1/Q2 . P2)(X2) is the
(n, m)-APA for the operator F2:X 2-4 Yin X02 ' is then
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the (n,m)-APA for F:X1XX2-+Y: (xpx2)-+FI(XI)·F2(X2) in (XOp X02 )?
In fact it is not at all natural to have a property like this; the following coun
terexample proves it.

Let F1: IR -+ IR: x -+ eX, F2: IR -+ IR: y -+ eY , then F: 1R 2 -+ IR: (x, y)-+
eX. eY = eX+Y

• Take n = land m = 2 and X01 = 0 = X02 ' The (1, 2)-APA for
F 1 is

for F 2 is

for F is

Let X be a Banach space and Y; commutative Banach algebras. We
consider nonlinear operators F; : X -+ Y;, i = 1,..., q < 00 and F: X -+

ni= I Y;: x -+ (F;(x), i = 1,..., q) where ni= I Y; is a commutative Banach
algebra with component-wise multiplication and normed by one of the
Minkowski norms II(yp..., Yq)ll p, 1 ~ P ~ 00. (We can obtain, by renorming,
that 11(11''''' Iq)llp= 1, where I; is the unit for the multiplication in Y;.)

THEOREM 5.2. Let ni= I D(P;) =1= ¢ or ni= I D(Q;) =1= ¢ for the solutions
(P;, Q;) of (la) and (lb)for F;. Then I/Q*;. P*; is the (n, m)-APA for Fp
i = 1,..., q if and only if I/Q* . P* = (I/Q*; . P*;, i = 1,..., q) is the (n, m)
APAfor F.

Proof First we remark that if L; E L(Xj, Y;) for i = 1,... , q, then L~ :=

(L;~, i = 1,... , q) E L(Xj, ni=1 Y;). For each i = 1,..., q there is a
polynomial T; with D(T;) =1= ¢ such that (F· Q; - P;)(x) =

[(F. Q*; - P*;) . T;](x) = O(xn.m+n+m+I). SO there exists K; E IR t and an
open ball B(O, r;) with 0 < r; < 1: II(F. Q; -P;)(x)11 ~K; ·llxlln.m+n+m+l for
i = 1,... , q. We use the Minkowski norm II lip in ni= I Y; for some p with
1~ P ~ 00. Then for p = 1: let K = L.i=1 K;; for p = 00: let K = max;K;;
for 1 < p < 00: let K = (L; Kn l

/
p

; and we find II«F. Q; - P;)(x),
i = 1,..., q)11 ~ K· Ilxll n.m+n+m+1 for Ilxll < min; rio Thus
«P;, Q;), i = 1,..., q) = «P*; . Tp Q*;. T;), i = 1,... , q) satisfies (la) and (lb)
for F.
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Now the irreducible form of (1/(Q*i' T;) . P*i . Ti, i = 1,..., q) is
(I/Q*i' P*i' i = I,... , q) since (Q*i' Ti, i = 1,... , q) = (Q*i' i = I,... , q) . (Tp

i = I,... , q) and (P*i' Ti , i = 1,..., q) = (P*i' i = 1,..., q). (Ti, i = I,..., q).
Also Q*(O) := (Q*i(O), i = I,... , q) = (II'"'' I q ) unit for the multiplication in

111=1 Vi'
Since I/Q* . P* is the (n, m)-APA for F, there exists a polynomial T with

D(T) =1= ~ such that [(F. Q* - P*) . T](x) = O(xn .
m +n +m + I). We write (T)i

for the ith component-operator of T. The proof is based on the fact that
111(Fi ' Q*i-P*;), (T)i](x)11 ~ II[(F. Q* -p*). T](x)11 for i= I, ... ,q and for
whatever Minkowski norm used in 11t I Vi' So (P*i' (T)i' Q*i' (T);)
satisfies (I a) and (I b) for F i and the irreducible form of

1/(Q*i(T);) . P*i(T)i is I/Q*i . P*i' Also Q*i(O) = Ii in Vi'
Theorems 5.1 and 5.2 are illustrated by the following numerical examples.

Take G:1R 2 ->lR:(;)--->1(1+ex +y
). The (1,I)-APA for G in m is

1/(1 - 1(x + y)). For j = I, x = 0,

for j = 2, y = 0,

G2 : IR ---> IR: x ---> i(1 + eX).

And indeed the (1, I)-APA for G 1 in 0 equals 1/(1- iY) and for G2 in 0
equals 1/(1 - ix).

We already considered F: IR 2 ---> IR: ( .~ ) ---> I +x/(0.1 - y) + sin(xy) with
the following (1,1)-APA in (g): (1 + iOx - 1O.1y)/(1 - 1O.1y). Now the
(1, 1)-APA in (g) for (~): 1R 2

-+ 1R 2
:

(

I + x + Sin(xy ))
x 0.1 - y

(y )-+ HI + eX + Y )

as claimed in Theorem 5.2.

IS

(I + IOX
1
-10.1Y )

(
1- 1O.1y )

1 - Hx + y)
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